PACS. 47.27Eq -Turbulence simulation and modeling. PACS. 02.50Fz -Stochastic analysis. PACS. 05.40+j -Fluctuation phenomena, random processes, and Brownian motion.
It is commonly believed that a fluid motion at high Reynolds numbers forms a state exhibiting universal statistical laws at small scales [1] . This state is called the turbulent cascade and is usually characterized by the probability distribution f (v, L) for the longitudinal velocity increments v(x, L, t) = u(x+L/2, t)−u(x−L/2, t) of scale L. The physically significant range of L varies between the integral length scale L 0 where the fluid motion is driven and the Kolmogorov length η, where the turbulent motion is smoothed out by dissipation. u(x, t) is the longitudinal component of the velocity field at space point x. Recently, it has become evident that a theoretical description of the cascade involves the joint statistics of velocity increments of different scales [2] . From a formal point of view, a complete statistical description of the turbulent cascade, defined in terms of the longitudinal velocity increments
In previous publications [3] , [4] we have considered two point statistics of the velocity increments by evaluating the conditional probability distribution p(v 2 , L 2 |v 1 , L 1 ) for increments of length scales L 1 , L 2 . There, it has been empirically shown that these probabilities obey the Chapman-Kolmogorov equation, which allows one to extract interesting information about the cascade. The validity of the Chapman-Kolmogorov equation is a necessary condition for a stochastic process to be Markovian [5] and it is an interesting question, whether the statistics of the turbulent cascade exhibits such a property, since then the N -point probability distribution can be expreesed as a product of conditional probabilities
For Markov processes, the following properties hold for all N -point conditional probabilities:
Thus, in order to give empirical evidence, one should verify all these relationships, which is clearly an impossible task. From a practical point of view, it is important to consider the conditions (1) for the case N = 3 for values
Stochastic processes, which are not Markovian and fulfill the condition (2) only for N = 3, are rather rare. Therefore, it is likely that a process is Markovian if eq. (2) holds. Furthermore, for physical systems the Markov property (2) usually only holds true for differences (L 2 − L 1 ) L mar which are larger than a certain length scale L mar . In the following we concentrate on the important question whether the Markov property holds true for the velocity increments of a turbulent flow and what is the meaning of a length L mar . We have examined several data sets of the turbulent velocity field of the jet experiment performed at Grenoble [6] . We shall consider in detail a set consisting of 10 7 velocity data for Reynolds number R λ = 600, which has been discussed in refs [3] , [4] . The measurement was performed with a single hotwire, the space dependence was obtained as usual by the Taylor hypothesis of frozen turbulence. Similar results are obtained for the other data sets corresponding to other Reynolds numbers. A scaling region corresponding to the inertial range develops between L = 45η and L = 350η. η denotes the Kolmogorov dissipation scale (cf. refs. [3] , [7] for a verification of the existence of an inertial range). For these data sets we have evaluated the two-and three-point probability functions
as well as the corresponding conditional probability functions:
We remind the reader that the two-and three-point distribution functions are not really determined by a measurement of the velocity field at three different spatial points. Rather, we have used Taylor's hypotheses (cf. [1] ) for an evaluation of these quantities from single point measurements. Furthermore, we have used the following definitions of v(
we have used centered quantities. It would be interesting to investigate whether there are significant differences by choosing different positionings in the definition of the increments, as has been done in the context of multiplier distributions for the dissipation field [8] .
In order to check the condition (2) we have evaluated
which should be equal to the directly evaluated three We clearly see that the probability distributions f and f mar coincide, only we find that f is more wrinkled. If we choose L 2 − L 1 in such a way that L 2 − L 1 30η, we see a significant discrepancy in the two contour plots (not shown here). However, if we choose L 2 − L 1 so that L 2 − L 1 is larger than a certain value L mar , the contour plots coincide. Figure 2 compares contour plots of the conditional probability functions
indicated by a different orientation of the contour lines ( fig. 2 b) ). For L 2 − L 1 > L mar both contour plots coincide ( fig. 2 a) ). Thus the Markov property is restricted to differences L 2 −L 1 > L mar and the length scale L mar is comparable to the crossover scale from the inertial to the dissipation range.
The existence of the length scale L mar can be demonstrated in a quantitative manner in the following way. We introduce a measure for the distance between the two probability
Here, N denotes the number of used points and M denotes the number of bins which have been considered in the evaluation of χ 2 , e.g. where f = 0. As the number of degrees of freedom M is very large (> 10 5 ), the coincidence of the two probabilities is accurate if χ 2 < 1. We want to note that a χ 2 -test is a usual statistical test and is also applicable in the cases where only very few numbers of events are contained in the bins of the outer regions. Figure 3 exhibits the quantities of eq. (5) 
There is a clear indication of a change in behaviour at L mar ≈ 30η. Here, the function also crosses the boundary χ 2 = 1. Due to the philosophy of the χ 2 -test the two probability distributions are different in a statistical sense above this boundary. Furthermore the curves apparently coincide for differently chosen values of L 2 , indicating that the length scale L mar is independent of L 2 . We remind the reader that the increase of χ 2 for values smaller than L mar is in accordance with the contour plots of figs. 1 and 2 which visually indicate the result quantified by the χ 2 -test. Let us summarize. By considering three-point distribution functions for velocity increments of three different scales we have empirically verified a necessary condition (2) for the Markovian property of the statistics of the turbulent cascade. Due to the Markovian property, the probability distribution at scale L 2 can be determined from the knowledge of the distribution at scale L 1 . One can iterate this step in order to obtain the distribution at scale L 3 from the one at L 2 , etc. The possibility to iterate the transitions is related to the existence of a cascade.
This property holds for length scales larger than L mar , which is comparable to the crossover scale from the inertial to the viscous subrange. The existence of this scale can be understood as follows. The velocity increments v(L) are continuous and differentiable functions of L, which, however, fluctuate strongly on scales larger than the crossover scale from the inertial to the viscous subrange. In [4] it has been suggested to describe these fluctuations by a Langevintype equation for v(L), which generates the continuous but nondifferentiable realizations of v(L). The existence of such a description is related to the Markov property. Therefore, the breakdown of the Markov property for scales smaller than L mar is due to the fact that the velocity increments become smooth functions for scales smaller than the crossover scale from the inertial to the viscous subrange. ***
